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A Nonlinear Regression Program for Small Computers

R. G. DUGGLEBY
Department of Biochemistry, University of Queensland, St. Lucia, Queensland, 4067, Australia

Received April 21, 1980

A BASIC computer program for performing weighted nonlinear regression is described
and a listing of the program is given. The program, which is small and simple to use, has been
designed to be run by users with little of ics o Robust
methods of analysis are described which may be applied to data in which experimental errors
are not normally distributed, and the program incorporates one such method. It is shown
that the program is useful for the analysis of data conforming to the Michaelis-Menten

The quantitative analysis of experimental
data frequently requircs comparison with
some sort of mathematical equation or
model. All too often this analysis involves
a transformation of the data which are then
plotted and a straight line is drawn through
them. The slope and intercept may then be
transformed or combined in various ways to
obtain the parameters of the original
equation. For example Eq. [1] describes a

§ =y m
first-order decay curve,' and the classical
method of analysis is to plot

In (y) against ¢. From the slope (S) and the
intercept (/) the parameters are obtained
using k = —S and y, = ¢’. A much better
method for the analysis of first-order decay
curves is to fit Eq. [1] directly to the data
| by nonlinear regression. Although this type
of analysis is relatively straightforward,
nonlinear regression has made very liftle
i impact in biochemistry with the notable ex-
{ ception of enzyme-kinctic studies.

i A great many packaged computer pro-

1 Throughout the paper a distinction will be drawn
between y, the observed value of the dependent
variable; ¥, a value calculated for a particular set of
parameter values; and § the true, but usually un-
known, value.

equation, a single exponential, and to binding equations, and other applications are di

ussed.

grams are available for performing non-
linear regression analysis but these are,
without excepti long and histi d
programs designed to be run on large com-
puters. In this paper, a simple BASIC non-
linear regression program is presented
which can be run on mini- or even micro-
computers. Some of the underlying theory
is presented but a understanding of this
theory is not a prerequisite for using the
program. The program has been deliberately
limited to the situation in which the equation
to be fitted has two parameters, as such
equations occur quite commonly.

THEORY

Transforming experimental data into a
form which may be plotted as a straight line
is a useful method of displaying the data but
it is not a reliable method for its analy
Experimental errors can be grossly ma
nified as is the case with the Lincweave:
Burk plot of enzyme~Kkinetic data and fitting

- of a straight line to the transformed data

will not, in general, yield the ““best’ values
for the parameters. This is true, regardless
of whether the fit is performed by eye’ or
by linear least-squares analysis. Careful
weighting of the transformed data may com-
pensate for the distortion in certain in-
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10 R. G. DUGGLEBY

stances but in others, such as a Scatchard
plot in which the observed variable appears
on both axes, distortion is unavoidable. If
transformation of the data is to be eliminated
it is necessary to fit the mathematical
equation to the data directly. The form of
the equation is not usually a matter of
choice, but rather it depends on some under-
lying theoretical model. Generally, these
theoretical considerations lead to an equa-
tion which is nonlinear in the parameters
and the fitting procedure will involve non-
linear regression. °

On the whole, biochemists regard non-
linear regression with a mixture of awe and
suspicion, as something which is beyond
their capacity to comprehend. In fact it is
quite simple, requiring little more than a
knowledge of elementary algebra and inThis
section the basic principles are set out.
Later, a simple and flexible computer
program, which dies these pri

be calculated using

a, = (5555 — S255)/A

. ay = (5185 = $a54)/A
where
A =553 — 53

To calculate the standard errors of a; and
a,, we calculate the sum of squares of
residuals (s¢) and the residual standard error
(ry) using

se= T wly — 9

o= [sd(N = 2)1"
The standard errors of @, and a, are given by

SE(ay) = r(sy )"

SE(ay) = rys/A)"*
The values of a, and a, calculated above
are “‘best-fit’” values in the sense that they
minimize the weighted sum of squares, sg.

will be described.

Classical Methods

regre . The fund 1
ideas underlying the Gauss—Newton method
of nonlinear regression have been described
by Wilkinson (1). These ideas are best
understood against a background of the
principles of linear regression which will be
described briefly. Consider the case where
we wish to fit Eq. [2] to a set of N observa-
tions, where a, and a, are parameters to

Nonli

¥ =ax; +ax: 21

be estimated and x, and x, are independent vari-
ables. (This is not intended to imply that x, and
x are necessarily independent of one another;
for example, x, may equal x2). To estimate
a, and a, we first form the sums .

Sp= S owalsa= 3 wxai S = 2 wx;
S4= 2 WX1Yi8s = 3 wxay,

where w is a nonnegative ‘‘weight” at-
tached to each observation, and whichis dis-
cussed in detail below. The parameters may

‘This is rily so because the formulae
for a, and a, are found by differentiating
s with respect to a, and a,, setting these
derivatives equal to zero and solving the
resultant simultaneous equations.

For nonlinear equations, a similar pro-
cedure does not lead to a simple solution
and we cannot calculate the best-fit values
for the parameters in a single step. ‘What can
be done in a single step is to take some
estimates of these values and correct them
to give better estimates.

Suppose we are trying to fit a nonlinear
equation in which there is a single
parameter, b:

§ =fb)
An estimate, b, will differ from the best-fit
value, b, by an unknown amount g:
b=b+ q. .
From the Taylor series we may write
5 =f6+a)
q*

=) + af ') + zrf"(!;)

@ .
+ ;f (5)¢+ e
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where f', f", and so on denote successive
differentiation with respect tob. If we ignore
all the terms in g* and beyond, represent
f(b) as 3, and replace the unknown 3 with
the experimental y, we can rearrange to get
y =3 =af'(b).
In other words, an approximate value for
¢ can be found by linear regression in which
the difference between the experimental and
the calculated value of y is treated as the
dependent variable while the derivative f'(b)
is treated as the independent variable. The
value for g so derived will not be exactly
correct due to the approximation in ignoring
high-order terms of the Taylor series. How-

ever, the newly calculated value of b may

be refined by applying this correction pro-
cedure repeatedly, a process known as
“‘jteration.”

This concept may be generalized to cases

in which there are more than a single-

parameter. Consider the arbitrary function
described by Eq. [3], where b, and b, are

§=flby b2 X), 3]

nonlinear parameters and X represents the
values of one or more independent variables. If.
the initial estimates of the parameters are b®
and b,®, we may calculate corrections
(g, and g») to these parameters by fitting,
the equation

z=q+ qp2
in which z is the residual (y — ¥) while p,
and p, are the partial derivatives, 85/8b, and
87/8b,. The coefficients, g, and g, are esti-
mated as described above for the linear case
and are used to correct the values of the
nonlinear parameters

bV = b +q,

by® = by® + qa.

These new estimates of the parameters may
then be refined in further iterations. When
g, and g, are negligible (‘“‘convergence’),
the standard ervors of b, and b, are equal
to those of ¢, and ga, respectively (1), and

NONLINEAR REGRESSION PROGRAM 11

are calculated as described earlier.

Partial derivatives. We saw above that
in nonlinear regression the calculation of the
corrections (q) requires values of the partial
derivatives (p) which are treated as in-
dependent variables. Ideally, these deriva-
tives should be obtained by analytical dif-
ferentiation of the nonlinear function (Eq.
(3]), which may involve some tedious
algebra. In practice, the derivatives can be
calculated to the required precision by
numerical differentiation which avoids the
algebra. The function (Eq. [3]) is evaluated
after the parameter b, is perturbed by an
amount d;:

§' =f(by + dy, by; X)

and a first-order approximation of p; is
given by
pi=(Q" = yVd:.

A more accurate value may be found using
a second-order approximation if the func-
tion is evaluated at a second point:

3" =f(by = dy, by; X)
pr=0" -3

A value for p, is found by applying this
same procedure to b,. In the computes pro-
gram to be described later, d, and d, are
chosen to be 2% of b, and b, respectively.

Weighting. 1t may happen that we have
advance knowledge that some observations
are more accurate than others and this in-
formation should be incorporated in the
analysis. This is achieved by weighting each
observation by an amount (w) which is
inversely proportional to its variance, s0
that fitting involves minimizing the weighted
sum of squares, s¢. This same weight must
also be applicd in forming the sums s,-5;
which are used to calculate regression co-
efficients. Frequently, these a priori weights
are calculated from some simple weighting
function. For example, the standard devia-
tion of y may be approximately propor-
tional to y in which case w = 1/y* will be
used as the weighting function. One of the
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methods of robust regression described be-
low is based on weighting.

Robust Methods

Robust regression. The classical method
for fitting a function to experimental data
involves minimizing the sum of squares of
residuals. Since each residual (z) is squared
in the summation and as the worst ob-
servations will have the largest residuals,
the fit tends to be dominated by these ob-
servations. A drastic solution to this dif-
ficulty is to discard the worst observations
but to do this it is necessary to introduce
an essentially arbitrary division between
acceptable and unacceptable observations.
A gentler procedure is to use a ‘“‘robust’
method in which the residuals are modified
so that less emphasis is placed on the
larger ones.

Wahrendorf (2) has described a robust
method which he has applied to the analysis
of Scatchard plot data. Briefly, the residual
sum of squares is replaced with the func-
tion ¥ p(z):

if | ] <c
2c[ l -c? if ]z] =c,

where ¢ is a ‘“‘robustness constant.”” The
value of p(z) increases as the square of z
when z is numerically less than ¢, but
thereafter increases as the absolute value of
z. There is a smooth transition at z = c. If
¢ is chosen to be very large, this method is
indistinguishable from the normal least-
squares method.

p@) =

A somewhat different method has been-

described by Mosteller and Tukey (3) in
which each squared residual is multiplied by
a ‘‘bisquare weight,” b,,:

(1 - u?? lul =1

by, =
0 it |u|>1,

where u =z/c and ¢ is the robustness
constant. If z > ¢, that particular observa-
tion is *‘weighted-out™ of the analysis (i.e.,
ignored), while moderate-sized residuals
acquire a fractional weight. Observations

which agree well with the fitted function

have a small residual and are given close
to a full weight of 1.0. As with a priori~
weights, the bisquare weight is applied in
calculating the sums s,-s; from which the
regression coefficients are calculated.

If ¢ is chosen to be very large, b, will
equal 1.0 for all observations and we have
the usual least-squares method. Usually we
will want to choose a value of ¢ which is
farge enough that |u\ <1 for the great
majority of observations. In the computer
program to be described later, a value equal
to six times the mean absolute residual
> |z [/N ) has been utilized but Mosteller
and Tukey have pointed out that many other
values will also work well. Bisquare weight-
ing can be used in conjunction with a priori
weights in which case the final weight ap-
plied will be the product of b,. and w. In the
calculation of b, and ¢ for this latter case,
we must use the weighted residual zw!? in
place of z alone.

Median methods. If experimental data
were free of error, values for the two
parameters of Eq. [3] could be obtained by
measurmg y at two pomls and solving the

yus equations.
In practice, of course, data do contain some
variability and more than two measurements
are made. The purpose of the additional
measurements is to increase the reliability
of the parameter estimates and, more im-
portantly, to permit the calculation of a
measure of this reliability. Cornish-Bowden
and Eisenthal (4) have suggested a robust
method of analysis for the case where
Eq. [3] represents the Michaelis—Menten
equation, and this may be adapted to any
two-parameter, nonlinear equation. Values
for the parameters are calculated from each
possible pair of measurements and these
N(N — 1)/2 values for b, and b, are used to
determine the best estimates of the values.
It was originally proposed (4) that the
median values of b, and b, should be taken
as the best estimates but it was subsequently
pointed out (5) that the median values for
b, and b, may be biased. It is usually
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possible to find' combinations of b, and b,
which are median—unbiased and the pre-
ferred procedure is as follows. For each pair
of measurements, b, and b, are calculated
and these are transformed to the median—
unbiased combinations, ¢, and c,. These
latter-values are separately ranked in order
of their magnitude and the centrally ranked
values are located. Finally, the best esti-
mates of b, and b, are calculated from the
median values of ¢; and ¢ by reversing the
transformation. The type of transformation
involved is usually quite simple and an ex-
ample will serve to illustrate this point.
The median values of by = V and b, = K
of the Michaelis—Menten equation are biased
whereas ¢; = 1/V and ¢ = K/V are me-
dian—unbiased. The reverse transformations
which are used to calculate V and K from
the median values of ¢, and ¢, are equally
simple: V = ey and K = cicy.

Confidence intervals for by and b, may be
found by an extension of this median method
(6). Kendall's S* statistic is calculated to
find the ranks which enclose the confidence
interval at any desired probability level, and
the values of ¢, and ¢a which occupy these
ranks are determined. Limits on the param-
eters are found by transforming ¢, and ¢z
to b, and by.

An alternative median method has been
described by Duggleby (7,8) which is based
on a special experimental design. Multiple
determinations of y are made under two sets
of experimental conditions and the median
of each set of replicates is taken as an
estimate of §. Values for b, and by, which
are calculated by solving the resulting two
simultaneous equations, will be the best
estimates of these parameters. This method
has the advantage that it avoids the necessity
of transforming into median—unbiased com-
binations of the parameters. Other advan-
tages have been described previously (7,8).

All median methods require the algebraic
solution of a set of nonlinear equations.
The solutions will depend on the form of the
equations and for this reason it is dif-
ficult (but by no means impossible) to in-
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corporate a median method into a general
computer program. Thus, in the program
described below, robustness has been
approached by the bisquare weighting
method. For the sake of completeness,
the solutions required for median methods
are also given for the specific models
considered below. These solutions may be
useful for calculating initial estimates

of the parameters.
.

RESULTS

A computer program embodying the non-
linear regression principles outlined under
the Theory section has been written in
BASIC. The program was developed using
BASIC-11, a version of this language which
is used in the PDP-11 series of computers.
Exploitation of special features of this
version of the language was deliberately
avoided to facilitate transfer of the program
to other computers which will support the
BASIC language.

A listing of the program is shown in Fig. 1
and while it might appear that the program
is quite long, this impression is largely
illusory. Of the 176 lines in the program,
68_are REM statements which contribute
nothing to the operation of the program but
serve solely to document it. Of the remaining
108 lings, 26 print either blank lines or
headings. Thus, the heart of the program
is less than one-half of the total and com-
pression of the source code may be achieved
readily, an important consideration for
microcomputers where storage limitations
are critical.

The only statement which depends on the
equation to be fitted is line 2650 which,
in Fig. 1, describes the Michaelis—Menten
equation. Other models may be fitted by
replacing this line with the appropriate
expression. For example, the first-order
decay curve described by Eq. [1] might
be written:

2650 G = B(1)*exp(-B(2)*X)-

Partial derivatives are calculated by nu-







